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We study the appearance of Exceptional Points in a hybrid system composed of a superconducting
flux-qubit and an ensemble of nitrogen-vacancy colour centres in diamond. We discuss the possibility
of controlling the generation of Exceptional Points, by the analysis of the model space parameters.
One of the characteristic features of the presence of Exceptional Points, it is the departure from the
exponential decay behaviour of the observables as a function of time. We study the time evolution
of different initial states, in the presence of the hybrid system, by computing the reduced density
matrix of each subsystem. We present the results we have obtained for the steady behaviour of
different observables. We analyse the appearance of Squeezed Spin States and of anti-Squeezed Spin
States.
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I. INTRODUCTION
Quantum information processing [1, 2] can involve the
interplay of atoms in optical traps [3, 4], superconducting
circuits [5, 6], nuclear spins [7] and defects in a crystal
lattice [8], among others physical components. Usually,
the system to be manipulated interacts with its envi-
ronment, and this interaction degrades its quantum dy-
namics [9]. It can be distinguished two very different
cases of coupling with the environment. In the first case,
the environment consists of a continuum of scattering
wave functions which can mediate the escape of parti-
cles from the localized system, i.e. unstable states in
a nuclei [10, 11]. In the other case, the environment is
provided by the states of a macroscopic reservoir, and
the strength of coupling depends on the overlap between
states of the localized system and states of the reservoir,
i.e. quantum-dot transport[12–14].
In the last years, in different experiments [13, 15–18],
it has been reported conditions under which, due to the
coupling with the environment, the transition between
two different dynamical regimes can be observed, an os-
cillating regime and an overdamped regime. This tran-
sition is not a smooth crossover but it has the charac-
teristics of a critical phenomena. It has received the
name of quantum Dynamical Phase Transition (DPT)
[15]. One of the earliest works to explicitly invoke the
notion of a DPT involved studies of spin swapping in
atomic systems [15]. In these experiments, the authors
of [15] have studied Rabi oscillations due to spin flips,
and have observed transition to strongly damped motion
by increasing the coupling to an environment formed by
a spin bath. Evidence of DPTs is present also, in an
earlier work on resonance trapping in microwave cavi-
ties [17], and on einselection [13] in mesoscopic quantum
dots. In both systems, the focus was on understanding
how the states of a quantized cavity are affected by cou-
pling them to an external environment. The phenomenon
shown in both cases was that certain eigenstates actually
became narrower when the environmental coupling was
increased over a specific range. The accompanying short-
lived eigenstates appear as a background with which the
long-lived ones interfere, a behaviour that has been ob-
served experimentally [17]. The long-lived states may
even become discrete, forming so-called bound states in
the continuum [19]. It is interesting to note that the pres-
ence of long-lived states is a problem that dates back to
the earliest days of quantum mechanics [20].
From the theoretical point of view, the dynamics of
open physical systems can be described in the framework
of non-hermitian Hamiltonians [10, 11, 21–27]. In the
study of a parametric family of non-hermitian Hamilto-
nians, it is usual to observe regions with different symme-
try. These zones are determined by the properties of the
spectrum. The transition occurs when two or more eigen-
values coalesce into one and the corresponding eigenvec-
tors become parallel. Such degeneracies are called Excep-
tional Points (EPs). Non-hermitian Hamiltonians arise
naturally within the formalism of Feshbach [10, 11, 21].
In this approach, the space of the system under study
is broken into two subspaces, the subspace correspond-
ing to the localized system, and the subspace related to
the extended environment. The solution of problem in
the whole function space (localized system embedded in
a well-defined environment), which is described by a her-
mitian Hamiltonian operator, can be projected in the
interior of the localized part of the system, by a set of
eigenfunctions of an effective non-hermitian Hamiltonian.
Within Feschbach’s formalism, the corresponding matrix
elements describing the coupling that develops between
the different states of the localized system are typically
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2complex [10, 11, 21].
Among non-hermitian Hamiltonians, pseudo-
hermitian Hamiltonians play a central role. The
formal beginning of this subject was due to Bender
and Boettcher [28, 29] in 1998. Since then, they have
proven to be very useful in the understanding of physical
problems with manifest Parity-Time Reversal (PT )
symmetry, i.e. microwave cavities [30], atomic diffusion
[31], electronic circuits [32], optical waveguide arrays
[33], quantum critical phenomena [34–36].
Recently, it has been carried out an experiment on a
superconducting qubit with dissipation close to its EP
[37]. Using quantum tomography the authors of [37] have
studied the steady-state of the qubit system evolving un-
der non-hermitian dynamics in the vicinity of the EP.
The results indicate that the dissipation of the system
stabilizes the qubit to non-trivial steady-states for dif-
ferent drive and detuning parameters. In the same line,
the Authors of [38] have shown that microwave driven
Nitrogen-Vacancy(NV) colour centres can function as ro-
bust mode switches in the vicinity of an EP. These works
point out the need to explore and harness EP degen-
eracies for enhanced sensing and quantum information
processing.
In this direction, hybrid devices [39] are promising can-
didates for the realization of quantum processing. In the
present work, we investigate the presence of EPs in a hy-
brid system consisting of a superconducting flux qubit
(SFQ) and an ensemble of NV−-colour-centres in dia-
mond [40–46]. We shall show that robust steady-states
in the vicinity of EPs can be constructed by an adequate
selection of the initial state. In particular, we shall show
that, due to the non-hermitian dynamic of the system,
for certain values of the parameters of the model space,
the steady-state is maximally anti-squeezed [47, 48] and
behaves as a Schro¨dinger-cat state (SCS) [49–51].
The work is organized as follows. The details of the
formalism are given in Section II. We describe the phys-
ical hybrid system under consideration and we present
the time evolution of a give initial state within the for-
malism of Green Matrix. The results of the calculations
are presented and discussed in Section III. We evaluate
the appearance of EPs as a function of the space of pa-
rameters of the model. We study the time evolution of
different initial states and we discuss the possibility of
generating steady Schro¨dinger-cat states. Our conclu-
sions are drawn in Section IV.
II. FORMALISM
We shall consider the Hamiltonian of an hybrid system,
composed by a superconducting flux- qubit coupled to an
ensemble of NV− colour centres in diamond [40–42, 44,
52–57],
Hhybrid = HFq +HS +Hint−qs. (1)
The term HFq of Eq. (1) is the Hamiltonian of the
superconducting flux-qubit. In the basis of clockwise and
anticlockwise qubit-persistent-currents [40, 44, 58–61], it
reads
HFq =
1
2
( ∆ sx + sz) , (2)
where {sx, sy, sz} are Pauli spin-1/2 operators. The
parameter  is the energy bias,  = 2Ip(Φex − 3Φ0/2), Ip
is the persistent current in a qubit, Φex is the external
flux threading the qubit loop, Φ0 = 1/(2e) is the flux-
quantum and ∆ is the tunnel splitting.
The term HS of Eq.(1) models the ensemble of NV
−
colour centres in diamond. It reads
HS = D S
2
z + E (S
2
x − S2y). (3)
The operators {Sx, Sy, Sz} are Pauli spin-operators,
components of the total spin, S, of the NV− ensemble.
Being D the zero-field splitting (2.878 GHz) and E the
strain-induced splitting [42]. This sector of the Hamilto-
nian consists of a one-twist term [63], D S2z , responsible
for the squeezing pattern, and a Lipkin-type interaction
E (S2x − S2y) [64–66].
The coherence of the ensemble of NV−-colour-centres
highly depends on the contents of paramagnetic impuri-
ties in diamond [40, 67–71]. The main magnetic impuri-
ties are neutral nitrogen atoms, P1 centres. The contri-
bution of P1 centres to the decoherence of the NV ensem-
ble has been thoroughly studied [70, 71]. In particular,
it was shown that the coherence time of the NV ensem-
ble depends on the concentration of P1 centres. Due to
the presence of P1 centres in the the ensemble, we shall
replace the coupling interaction of the NV centres with
the SFQ [40], (g/2) sz Sx, by an asymmetric interaction
of the form
Hint−qs =
1
4
g sz(S+ + αS−)
=
1
4
g sz ((1 + α)Sx + i(1− α)Sy) . (4)
A similar approach have been reported [72, 73].
The gap-tunable flux-qubit Hamiltonian, HFq of Eq.
(2), is diagonalized by the transformation
 szsx
sy
 =
 cosβ sinβ 0− sinβ cosβ 0
0 0 1
 σzσx
σy
 .
(5)
Both set of operators, {σx, σy, σz} and {sx, sy, sz},
obey the su(2) algebra. The parameter α of the trans-
formation is related to parameters of the qubit flux by
cosβ = /Eqb, sinβ = −∆/Eqb, and Eqb =
√
2 + ∆2.
In terms of the new operators σi (i = x, y, z), HFq
and Hint−qs can be written as
3H1 =
1
2
Eqbσz,
H2 =
1
4
g ( cosβ σz + sinβ σx) (S+ + αS−).
(6)
Finally, the Hamiltonian of the hybrid system, H, is
given by the sum of the terms (3) and (6), by
H = H1 +H2 +HS . (7)
In general, this Hamiltonian is a non-hermitian operator,
except if α = 1. We can aim to diagonalize H in the
product basis
|kqb, NS , kS〉 = |kqb〉 ⊗ |NS , kS〉,
|NS , kS〉 = NS SkS+ |0〉S ,
|kqb〉 = Nqb σkqb+ |0〉qb,
(8)
where S± = Sx±iSy. The label kS can run from 0 to the
number of spins (electrons) of the system, N. Similarly,
σ±,j = σx,j ± iσy,j , and kqb,j = 0, 1. We denote with
{kqb,j} each of arrays ofNqb superconducting qubits. The
quantities N are normalization factors.
The Hamiltonian of Eq.(1) is invariant under parity
symmetry but not under time-reversal symmetry, conse-
quently, it is not invariant under PT symmetry. This can
be seen from the transformation properties of the opera-
tors [74]. The linear parity operator P performs spatial
reflection, so that the position, the momentum and the
spin transform as r → −r, p → −p, and S → S, re-
spectively. Whereas, time-reversal operation can be rep-
resented by an anti-unitary operator T = U K, being U
an unitary operator and K the complex conjugation op-
erator [74]. Under time reversal, we have r→ r, p→ p,
S → −S and i → −i. The T -symmetry is broken by
the first term of H1 of Eq. (6). Notice that the states
of the basis of Eq.(8), can be classified according to its
transformation under parity
P | kqb, NS , kS〉 =
(−1)kS+kqb | kqb, NS , kS〉. (9)
Nevertheless, H and H† are quasi-hermitian operators.
This can be proved straightforward by observing that
H† = HT , so that they are isospectral Hamiltonians
H = P˜ JP˜−1
HT = PJP
−1
.
(10)
In general, J is a Jordan matrix, while P˜ and P are
the matrix of the generalized eigenvectors of H and HT ,
respectively. Finally, the symmetry operator S, such that
H = SHTS−1, is given by S = P˜P−1 .
Depending on the values of the parameters in the space
{, ∆, D, E, g, α}, the spectrum of the Hamiltonian can
consist of real eigenenergies or complex-conjugate pairs
eigenenergies. Also, for particular values of the parame-
ters, exceptional points, the coalescence of two or more
eigenvalues is accompanied by the coalescence of the cor-
responding eigenvectors. Depending on the characteris-
tics of the spectrum of the Hamiltonian of Eq. (1), the
time evolution of an initially prepared state will display
different behaviours. In the regime of real spectrum, the
mean value of the observables will display a patron of
collapses and revivals. While, in the regimen of complex-
conjugate pair spectrum, the observables will show the
behaviour of systems with gain-loss balance [75]. Be-
sides, in the case of exceptional points, the time evolution
of the mean values of observable will present departures
from the usual exponential decay behaviour. We shall
vary the values of { g/E, α} to control the generation of
which EPs.
A. Time Evolution
The dynamics generated by the Hamiltonian of Eq.
(7) can be captured by introducing the non-Hermitian
prescriptions given in [76, 77]. Alternatively, we can use
the Green operator formalism [16, 78]. Let us briefly
review the essentials of it.
Associated to the Hamiltonian H, we can introduce
the Green operator, G. It reads
G(ω) = (ωI−H)−1. (11)
The time evolution of the system is related to the Fourier
Transform of the Green operator, F . To compute F , we
shall define the retarded and the advanced Green opera-
tors, G−(ω) and G+(ω) respectively, as
G∓(ω) = ((ω ± iη)I−H)−1. (12)
Its Fourier Transform, F∓(t), is given by
F∓(t) =
∫ +∞
−∞
dω
2pi
G∓(ω)e−iωt. (13)
Given F(t) = iF+(t) − iF−(t), we can introduce the
transition matrix P as
P(t) = N 2(t) F†(t)F(t), (14)
with N (t) = (Tr(F†(t).F(t)))−1/2.
4The transition probabilities, between the states of Eq.
(8), are given by the matrix elements of P.
In the basis of Eq.(8), a general initial state can be
written as
|I〉 = (c1, c2, ..., cn)T , (15)
and it evolves in time as
|I(t)〉 = N (t) F|I(0)〉.
(16)
We are able to evaluate the mean value of an operator
ô as a function of time as
〈ô(t)〉 = 〈I(t)|ô|I(t)〉. (17)
We shall prepare the initial state of the hybrid system
as a direct product of the initial state of the supercon-
ducting qubits and the NV ensemble initial state
|I(0)〉 = |I〉qb ⊗ |I〉NV . (18)
For the initial state of the electron ensemble, we shall
consider a coherent spin-states of the form
|I〉NV = NS ezSS+ | 0 >, (19)
with zS = −e−iφS tan(θS/2), where the an-
gles (θS , φS) define the direction nS =
(sin θS cosφS , sin θS sinφS , cos θS), such that
S · nS |I〉NV = −S|I〉NV , with S = N/2 [62].
For the initial state of the superconducting qubits, we
shall consider a particular state of the form |kqb〉 (Eq.(8)).
B. Physical Observables
We shall discuss the effect of non-hermitian term
Hint−qs, Eq. (4) upon physical observables.
The survival probability, p(t), of a given initial state
as a function of time is computed as
p(t) = |〈I(0)|I(t)〉|2, (20)
where |I(0)〉 is the state at which the system has been
initially prepared.
Another observable of the system is the squeezing spin
parameter, which is related to the reduction of the fluctu-
ations in one of the components of the total spin, bellow
the quantum limit, at expenses of the increment of an-
other component of the total spin. There is not a unique
way to characterize uncertainty relations of complemen-
tary operators [79, 80]. We choose to use a squeezing
parameter invariant under rotations [81]. Following the
work of Kitagawa and Ueda [63], we shall define a set of
orthogonal axes {nx′ ,ny′ ,nz′}, such that nz′ is the uni-
tary vector pointing along the direction of the total spin
< T >. We shall fix the direction nx′ looking for the
minimum value of ∆2Tx′ , so that the Heisenberg Uncer-
tainty Relation reads
∆2Tx′ ∆
2Tx′ ≥ 1
4
|〈Tz′〉|2. (21)
Consequently, the squeezing parameters [63] are defined
as
ζ2x′ =
2∆2Tx′
|〈Tz′〉| , ζ
2
y′ =
2∆2Ty′
|〈Tz′〉| . (22)
The state is squeezed in the x′-direction if ζ2x′ < 1 and
ζ2y′ > 1.
Also, we shall use the discrete SU(2) Wigner distri-
bution [45, 46, 82–84] to study the time evolution of a
given initial state under the action of the Hamiltonian of
Eq.(1).
III. RESULTS AND DISCUSSION.
We shall consider the case of two NV− colour centres
in interaction with a SFQ. As experimentally, the val-
ues of  and ∆ can be controlled independently by us-
ing different external magnetic flux [40], we have fixed
the value of  = 0, so that Eqb = ∆/2. For the
present case, the model space is divided into two inde-
pendent blocks, according to the transformation of the
vectors of the basis under parity. Ordering the basis as
{|kqb, kS〉} = {|0, 0〉, |1, 1〉, |0, 2〉, |1, 0〉, |0, 1〉, |1, 2〉}, the
Hamiltonian can be written as
H =

D − ∆4 E g2√2 0 0 0
E D − ∆4 αg2√2 0 0 0
αg
2
√
2
g
2
√
2
∆
4 0 0 0
0 0 0 −∆4 αg2√2
g
2
√
2
0 0 0 g
2
√
2
D + ∆4 E
0 0 0 αg
2
√
2
E D + ∆4

(23)
In terms of the parameters of the model,
{∆, D, E, g, α}, the eigenenergies of the Hamil-
tonian of Eq. (7) are given by
E1± =
1
2
D +
E
6
(
d± − 2
(
e−iθ
C±
|R±| + e
iθ|R±|
))
,
E2± =
1
2
D +
E
6
(
d± + 2
(
e−i(
pi
3 +θ)
C±
|R±| + e
i(pi3 +θ)|R±|
))
,
E3± =
1
2
D +
E
6
(
d± + 2
(
ei(
pi
3−θ) C±|R±| + e
−i(pi3−θ)|R±|
))
,
(24)
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FIG. 1. Exceptional Points in the plane (α, γ). We have
fixed D = 2.88 [GHz] and E = 0.026 [GHz]. The Exceptional
Points correspond to the coalescense of the eigenvalues E1−
and E2−. From left to right, the curves correspond to values
of d− = 0.1, 0.5, 0, 3, 6, 9, respectively.
with
d± = (1± δ) D
E
,
A± = −27γ2(1 + α2) + d3± − 9(1− 2γ2α)d±,
C± = 3(1 + 4γ2α) + d2±,
B± = A2± − C3±,
R± = (A± +
√
B±)1/3 = |R±|eiθ, (25)
given in terms of the adimensional parameters δ =
∆/(2D) and γ = g/E.
We have fixed the values of the coupling constants, for
the NV−-colour-centres, at D = 2.88 [GHz] and E =
0.026 [GHz].
In Figure 1, we present the position of EPs in the
plane (α, γ). The results correspond to the coalescence
of the two first eigenvalues, E1− and E2−. From left to
right, the curves correspond to different values of the adi-
mensional parameter d−. We have considered the cases
d− = 0.1, 0.5, 0, 3, 6, 9, respectively. We observe a
regular pattern for the presence of EPs.
As an example, in Figure 2 and Figure 3, we display
the real and the imaginary component of the eigenvalues
E1− and E2− as a function of the parameters γ and α,
for the case d− = 0, which correspond to fixing ∆, of
Eq.(7), to the value ∆ = 2D. As pointed before, there
FIG. 2. Behaviour of the real components of the eigenvalues
E1− and E2− as a function of the parameters γ and α, for
∆ = 2D, and E = 0.026 [GHz].
FIG. 3. Behaviour of the imaginary components of the eigen-
values E1− and E2− as a function of the parameters γ and α,
for the same parameters of Figure 2.
is a region for which both eigenenergies coalescence to
the same value, Exceptional Points. At those points the
Hamiltonian is non-diagonalizable.
In what follows, we shall study the time evolution of
the system. We shall present the numerical results that
we have calculated for a particular value of the coupling
interaction constant among the NV−-colour-centres and
the SFQ, g = 0.02 [GHz]. In Figure 4, we present the
behaviour of the complex eigenvalues of the Hamiltonian
of Eq. (7), in units of E, as a function of the asymmetry
parameter α. It can be observed two exceptional points,
α ≈ 0.94 and α ≈ 1.24. Notice that for α = 1 the
Hamiltonian H is a hermitian operator.
The matrix elements of P, of Eq.(14), give us infor-
mation about the transitions probabilities between the
vectors of the basis of Eq. (8). They determine the evo-
lution in time of the physical observables. In Figure 5,
we display the results we have obtained for the matrix
elements of P, of Eq.(14), as a function of the asym-
metry parameter α, for the set of parameters of Figure
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FIG. 4. Behaviour of the complex eigenvalues E1− and E2−,
in units of E, as a function of the asymmetry parameter α, for
the parameters adopted in Figures 1 and 2, and for g = 0.02
[GHz].
4. Vertical dotted-lines are drawn at the values of α
corresponding to the exceptional points (α1 ≈ 0.94 and
α2 ≈ 1.24). For values of α in the range (α1, α2) the
spectrum is real, as it can be seen from Figure 4. The
transition probability curves plotted in this region were
computed by making the temporary average in two peri-
ods of time. Outside this interval, we have performed the
calculation at t = 6 [µ sec], when the system has reached
the stationary regime. In panels (a) and (b) we show the
diagonal elements of P, while in panels (c) and (d) we
present the non-diagonal elements of P. For α < 0.94
and α > 1.24, the stationary regime is dominated by the
transition of the states with positive parity. For values of
α corresponding to real spectrum (0.94 < α < 1.24), all
the states have non-zero diagonal entries, though the di-
agonal elements are dominated by the even states of the
basis. In panel (a) solid-, dashed-,dotted-lines correspond
to P11(t), P22(t), and P33(t), respectively. In panel (c)
P12(t), P13(t) and P23(t) are presented by solid-, dashed-
,dotted-lines, respectively. In panel (b) we plot P44(t),
P55(t) and P66(t), while in panel (d) we plot Pij(t), for
i, j = 4, 5, 6. Notice also that there is a particular value
of α for which all non-zero transitions have the same
probability, α ≈ 0.824, we shall show that at this point
the steady-state behaves as a Schro¨dinger-cat state.
The study of the behaviour of the transition probabil-
ities as a function of time, for different values of α, are
presented in Figure 6. In panels (a), (c) and (e) we show
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FIG. 5. Behaviour of the non-zero entries of the matrix P(t)
of Eq.(14), as a function of the asymmetry parameter α, for
g = 0.02 [GHz], E = 0.026 [GHz], D = 2.88 [GHz] and ∆ =
2D [GHz]. Vertical dotted-lines are drawn at the values of α
corresponding to the exceptional points (α1 = 0.94 and α2 =
1.24). For values of α in the range (0.94, 1.24) the transition
probability curves, were computed by making the temporary
average in two periods of time. For α < 0.94 and α > 1.24
the results presented have been computed at t = 6 [µ sec].
In panels (a) and (c) we show the behaviour of the transition
probabilities for the even states, while in panels (b) and (d) we
show the transition probalilities for the odd states. In panel
(a) solid-, dashed-,dotted-lines correspond to P11(t), P22(t),
and P33(t), respectively. In panel (c) P12(t), P13(t) and P23(t)
are presented by solid-, dashed-,dotted-lines, respectively. In
panel (b) we plot P44(t), P55(t) and P66(t), while in panel (d)
we plot Pij(t), for i, j = 4, 5, 6.
the results of the diagonal elements of P(t) as a function
of the time, while in panels (b), (d) and (f), the non-
diagonal elements of P(t) are displayed. For panels (a)
and (b) we have chosen α = 0.6, for panels (c) and (d)
α = 1.1, and for panels (e) and (f) α = 1.3, respectively.
For values of α for which the spectrum of H has complex-
conjugate pair eigenvalues, the matrix elements of P(t)
show a non-exponential behaviour, which is the charac-
teristic of systems with gain-loss balance. Meanwhile, for
values of α for which the spectrum of H consists only of
real eigenenergies, we can observe an oscillatory patron.
The results we have obtained for the Survival Proba-
bility, p(t) of Eq.(20), as a function of α, are displayed in
Figure 7. The parameters are those of the previous Fig-
ures. Initially, the SFQ is prepared in its ground state,
and the NVs in a coherent state with (θ0, φ0) = (0, 0),
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FIG. 6. Behaviour of the non-zero entries of the matrix P(t) of
Eq.(14), as a function of the time, for the parameters of Figure
5. The results presented have been computed at α = 0.6
(Insests (a) and (b)), α = 1.1 (Insests (c) and (d)), and α =
1.3 (Insests (e) and (f)), respectively. In Insests (a), (c) and
(e), the behaviour of the diagonal elements of P(t) are shown.
Solid-, dashed-,dotted-lines correspond to P11(t), P22(t), and
P33(t), respectively. P44(t), P55(t) and P66(t) are plotted
with dashed-solid lines. In panels (b), (d) and (f), the non-
diagonal entries of P(t) are shown. P12(t), P13(t) and P23(t)
are presented by solid-, dashed-,dotted-lines, respectively.
solid line, (pi/4, 0), dashed line, (pi/2, 0), dashed-dotted-
line, and (pi, 0), dotted line, respectively. As in the pre-
vious Figure, for values of α in the range (0.94, 1.24) the
curves were computed by making the temporary average
in two periods of time. For α < 0.94 and α > 1.24 the re-
sults presented have been computed at t = 6 [µ sec], sta-
tionary regime. From the Figure, it can be inferred that
the Survival Probability depends both on the initial state
and on the asymmetry parameter. For (θ0, φ0) = (0, 0)
and for (pi/4, 0), it is observed an increase in the survival
probability at the first EP, while for (θ0, φ0) = (pi, 0),
the increase in the survival probability is observed at the
second EP.
In Figure 8 the Mean Value of the total spin oper-
ator of the NV−-colour-centres, 〈SNV 〉, is plotted as a
function of α. The parameters are those of the previous
Figures. Initially, the superconducting qubit is prepared
in its ground state, and the NVs in a coherent state with
(θ0, φ0) = (0, 0), solid line, (pi/4, 0), dashed line, (pi/2, 0),
dashed-dotted-line, and (pi, 0), dotted line, respectively.
As in the previous Figure, for values of α in the range
(0.94, 1.24) the curves were computed by making the
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FIG. 7. Survival Probability, p(t) of Eq.(20), as a function
of α. The parameters are those of the previous Figures. Ini-
tially, the superconducting qubits are prepared in its ground
state, and the NVs in a coherent state with (θ0, φ0) = (0, 0)
(solid line), (pi/4, 0) (dashed line), (pi/2, 0) (dashed-dotted-
line), and (pi, 0) (dotted line), respectively. For values of α in
the range (0.94, 1.24) we plot the average value in two peri-
ods of time. For α < 0.94 and α > 1.24 the results presented
have been computed at t = 6 [µ sec].
temporary average in two periods of time. For α < 0.94
and α > 1.24 the results presented have been computed
at t = 6 [µ sec]. For α < 0.94 and for α > 1.24, the Mean
Value of the Spin operator of the NV−-colour-centres is
independent of the preparation of the initial state. It
should be noticed the existence of a value of α for which
〈SNV 〉 = 0, α = 0.82402.
The Squeezing Parameter for the NV−-colour-centres,
ξ2NV , as a function of α is presented in Figure 9. The pa-
rameters are those of the previous Figures. Initially, the
superconducting qubits are prepared in its ground state,
and the NVs in a coherent state with (θ0, φ0) = (0, 0),
solid line, (pi/4, 0), dashed line, (pi/2, 0), dashed-dotted-
line, and (pi, 0), dotted line, respectively. For values of α
in the range (0.94, 1.24) we plot the minimum value of
ξ2NV in two periods of time. For α < 0.94 and α > 1.24
the results presented have been computed at t = 6 [µ sec].
This Figure is in agreement with the previous one. At
the value of α = 0.82402, for which 〈SNV 〉 = 0, the value
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FIG. 8. Mean Value of the Spin of the NV−-colour-centres,
〈SNV 〉, as a function of α. The parameters are those of the
previous Figures. Initially, the superconducting qubits are
prepared in its ground state, and the NVs in a coherent state
(θ0, φ0) = (0, 0) (solid line), (pi/4, 0) (dashed line), (pi/2, 0)
(dashed-dotted-line), and (pi, 0) (dotted line), respectively.
For values of α in the range (0.94, 1.24) we plot the aver-
age value in two periods of time. For α < 0.94 and α > 1.24
the results presented have been computed at t = 6 [µ sec].
of the squeezing parameter diverges, the system is max-
imally anti-squeezed. In the region of real spectrum, the
system shows an oscillatory patron, with the minimum
values shown in the curve.
We shall discuss in what follows the behaviour of the
Squeezing parameter, the mean value of the total spin
and the survival probability, as a function of the time,
for different values of the asymmetry parameter, α.
In Figure 10 and 11, we present the results we have
obtained for the Squeezing Parameter, ξ2NV of Eq.(22),
and for the Survival Probability, p(t) of Eq.(20), as a
function of the time. The parameters are those of the
previous Figures. Initially, the superconducting qubits
are prepared in its ground state, and the NVs in a coher-
ent state with (θ0, φ0) = (pi/2, 0). The curves of Figure
10 were computed at α = 0.6, 1.1 and 1.3, while the
curves of Figure 11 were computed at the values of the
asymmetry parameter α corresponding to the two EPs,
α = 0.9424 and 1.24556. From the Figures, it can be
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FIG. 9. Squeezing Parameter, ξ2NV , for the NV
−-colour-
centres, as a function of α. The parameters are those of
the previous Figures. Initially, the superconducting qubits
are prepared in its ground state, and the NVs in a coher-
ent state (θ0, φ0) = (0, 0) (solid line), (pi/4, 0) (dashed line),
(pi/2, 0) (dashed-dotted-line), and (pi, 0) (dotted line), respec-
tively. For values of α in the range (0.94, 1.24) we plot the
minimun value of ξ2NV in two periods. For α < 0.94 and
α > 1.24 the results presented have been computed at t = 6
[µ sec].
observed that at the early stages of the time the state
evolves as a squeezed state. This pattern is preserved at
values of α corresponding to the regime of real spectrum,
see Figure 9-(d). For other values of the asymmetry pa-
rameter, the steady-state is an anti-squeezed state. Con-
cerning the Survival Probability, p(t), the results shown
in Figures 10 and 11, can be understood in terms of the
behaviour of the matrix elements of P(t), which have
been presented in Figure 5. The states with the largest
probability, are the state |kqb, kNV 〉 = |0, 2〉 and |0, 0〉,
which are present in the initial state of Figure 10 and 11.
Consequently, we can use the information of Figure 5 to
prepare initial states robust against decoherence. The
results of Figure 11 support the idea that at the EPs the
initial state evolves into a non-trivial state as reported in
[37]. In both Figures, it can be observed that the Survival
Probability does not obey an exponential decay law.
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FIG. 10. Squeezing Parameter and Survival Probability, for
the NV ensemble, as a function of the time. The parameters
are those of the previous Figures. Initially, the superconduct-
ing qubits are prepared in its ground state, and the NVs in a
coherent state with (θ0, φ0) = (pi/2, 0). In panels (a), (c) and
(e), we show the behaviour of the Survival Probability, p(t),
for α = 0.6, 1.1 and 1.3, respectively. In panels (b), (d) and
(e), we show the behaviour of the Squeezing Parameter, ξ2NV ,
for α = 0.6, 1.1 and 1.3, respectively.
A. Schro¨dinger-cat states.
We shall discuss in some detail the case of α = 0.82402.
As it can be observed in Figure 4, all the probabilities Pij ,
in the stationary regime, are equally distributed. From
Figure 8 it can be observed that initial state of the system
evolves to a steady-state with mean value of the total
spin of the NVs equals zero, 〈SNV 〉 = 0, independent of
the initial state chosen. This is a sign of the presence of
Schro¨dinger-cat states.
In Figure 12, panels (a), (c) and (e), we show the re-
sults obtained for the Mean Value of the Total Spin of
the ensemble of NVs of colour centres, 〈SNV 〉, as a func-
tion of the time. The Squeezing Parameter, ξ2x(t), for a
given Initial State as a function of the time is displayed
in panels (b), (d) and (f). We have considered differ-
ent initial states. We have adopted an Initial ground
state for the superconducting qubit. We assume that
the NV−-colour-centres are prepared in a coherent state,
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FIG. 11. Squeezing Parameter and Survival Probability, for
the NV ensemble, as a function of the time. The parameters
are those of the previous Figures. Initially, the superconduct-
ing qubits are prepared in its ground state, and the NVs in
a coherent state with (θ0, φ0) = (pi/2, 0). In panels (a) and
(c), we show the behaviour of the Survival Probability, p(t),
for α = 0 0.9424 and 1.24556, respectively. In panels (b)-(d),
we show the behaviour of the Squeezing Parameter, ξ2NV , for
α = 0.9424 and 1.24556, respectively.
with (θ0, φ0) = (0, 0) for panels (a) and (b), (pi/2, 0) for
panels (c) and (d), and (pi, 0) for panels (e) and (f), re-
spectively. From the Figure, it can be observed that ini-
tial state of the system evolves into a steady-state with
mean value of the total spin of the NVs equals zero,
〈SNV 〉 = 0, independent of the initial state chosen. At
short times, the spin dynamics is caused by the spin-
spin interaction of the ensemble of NV−-colour-centres,
namely the OAT term of H. The HOAT of H is responsi-
ble for the squeezing pattern observed. At longer times,
the growth of spin correlations causes both the depolar-
ization observed in panels (a)-(c), and the increase of the
squeezing parameter [47].
In Figures 13 to 15, we plot the Discrete SU(2) Wigner
function for the NV−-colour-centres [45, 46, 82–84]. In
the left panels, we display the behaviour of W (θ, φ) for
the initial state and in the right ones for the steady-
state. Initially, the superconducting qubits are prepared
in its ground state, and the NVs in a coherent state
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FIG. 12. The Mean Value of the Total Spin of the ensemble
of NV−-colour-centres, 〈SNV 〉, as a function of the time, is
displayed in panels (a), (c) and (e). The Squeezing Parame-
ter, ξ2x(t), for a given Initial State, as a function of the time,
is displayed in panels (b), (d) and (f). We have considered
different initial states. We have adopted an Initial ground
state for the superconducting qubits. We assume that the
NV−-colour-centres are prepared in a coherent state, with
(θ0, φ0) = (0, 0) for panels (a) and (b), (pi/2, 0) for panels (c)
and (d), and (pi, 0) for panels (e) and (f), respectively.
with (θ0, φ0) = (pi/2, 0), (pi/4, 0) and (0, 0), Figure 13,
14 and 15, respectively. To obtain the Discrete SU(2)
Wigner function for the NVs, we have computed the re-
duced density matrix for both subsystems. It can be ob-
served that the steady-state is independent of the prepa-
ration of the inial state. The SU(2) Wigner function
is composed by two Wigner functions, namely one cor-
responding to the superposition of two coherent states,
|I(pi/2, 0)〉+ |I(−pi/2, 0)〉, and a pure state, S+|0〉. Thus,
the steady-state is a Scro¨dinger cat-like state.
In Figure 16, we present the points in the plane (α, γ),
for which the steady-state behaves as a Schro¨dinger-cat
states, for the case d− = 0.
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FIG. 13. Discrete Wigner Function W (θ, φ) of the NV−-
colour-centres. In the left panels we display the behaviour
of W (θ, φ) for the Initial State and in the left ones in the
steady-state. Initially, the superconducting qubits are pre-
pared in its ground state, and the NVs in a coherent state
with (θ0, φ0) = (pi/2, 0).
B. Hybrid system with N NV−-colour-centres in
diamond.
To study qualitatively the behaviour of the system
when the number of NV−-colour-centres in diamond is
increased, we can perform a Holstein-Primakoff boson
mapping [85] of the Hamiltonian of Eq.(1). We can write
S+ = b+
√
N − b+b−, S− = S†+, Sz = b+b− −
N
2
,
(26)
with [b, b†] = 1. To leading order in the boson mapping
of Eq.(26), the Hamiltonian reads
HB =
Eqb
2
σz +D
(
b+b− − N
2
)2
+
NE
2
(b2+ + b
2
−) +
√
Ng
4
( cosα σz + sinα σx) (b+ + αb−) . (27)
The nonlinearity introduced by the square-root term in
Eq.(26) ensures that two excitations can not take place at
the same spin. If we consider delocalized spin waves in-
volving a large number of spins compared to the number
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FIG. 14. Discrete Wigner Function W (θ, φ) of the NV−-
colour-centres. In the left panels we display the behaviour
of W (θ, φ) for the Initial State and in the left ones in the
steady-state. Initially, the superconducting qubits are pre-
pared in its ground state, and the NVs in a coherent state
with (θ0, φ0) = (pi/4, 0).
of excitations, the probability that a given spin is excited
is inversely proportional to the number of spins N. There-
fore, as long as only a few delocalized spin excitations are
considered, it is reasonable to adopt the approximation,
S+ ≈ b+
√
N [86].
From the form HB , it can be inferred that the adimen-
sional parameter γ must be scaled as γ → γN = γ/
√
N .
We shall take into account the previous re-scaling of
the coupling constants to analyse the exact results, which
have been computed from the Hamiltonian of Eq. (1). In
Figures 17, we present the contour plots for the appear-
ance of EPs and of steady Schro¨dinger-cat states in the
plane (αN , N), with αN = α/
√
N. The solid-line cor-
rresponds to the contour plot of EPs, while contour plot
for steady Schro¨dinger-cat states are displayed in dashed-
line. We have considered the case d− = 0, with D = 2.88
[GHz] and E = 0.026 [GHz]. In panel (a) and (b) we
plot results for g = 0.02 [GeV] (γN = 1/(13
√
N)) and
g = 0.052 [GeV] (γN = 2/
√
N), respectively. Though
we plot continuous lines in Figure 17, they are meant to
guide the eyes. They are valid for the case of even num-
ber of particles. For the present set of parameters, and
in the range 0 ≤ αN ≤ 1, we have not observed EPs in
the case of an odd number of NVs (we have checked that
for other sets of parameters, d− 6= 0 and larger values of
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FIG. 15. Discrete Wigner Function W (θ, φ) of the NV−-
colour-centres. In the left panels we display the behaviour
of W (θ, φ) for the Initial State and in the left ones in the
steady-state. Initially, the superconducting qubits are pre-
pared in its ground state, and the NVs in a coherent state
with (θ0, φ0) = (0, 0).
E, EPs are present for an odd number of particles, i.e.
for N= 3 we have observed the presence of EPs at values
of ∆ = D/4 [GHz], E = 1.8 [GHz], −2.0 ≤ g ≤ 2.0 [GHz]
and 0.4 ≤ α ≤ 1.5). From the curves, it can be observed
the presence of a regular pattern of Exceptional Points
and a regular pattern for steady Schro¨dinger-cat states.
IV. CONCLUSIONS
In this work, we have studied the time evolution of a
hybrid system consisting of NV−-colour-centres in dia-
mond in interaction with a superconducting flux qubit.
We have modelled the dynamics of the system through
a non-hermitian Hamiltonian, to take into account the
effect of the environment. Though the Hamiltonian does
not preserve PT -symmetry, the spectrum consists of real
eigenvalues or complex-conjugate pair eigenvalues, and it
shows the characteristics features of a system with gain-
loss balance [75]. We observed a regular pattern of Ex-
ceptional Points, as a function of the parameters of the
model. At these points, the initial state evolves into a
non-trivial steady-state. The study of the matrix ele-
ments of the Fourier Transform of the Green Matrix pro-
vides information on the transition probabilities of the
12
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FIG. 16. Points in the plane (α, γ), at which steady
Schro¨dinger-cat states occur, are displayed in dashed -line.
We have considered the case d− = 0, with D = 2.88 [GHz]
and E = 0.026 [GHz]. The solid-line corrresponds to the
contour plot of Exceptional Points.
states of the original base as a function of time. Thus,
we can prepare robust initial states by combining the
states of the base of Eq.(8) which show large transition
probabilities at long intervals of time. The Survival Prob-
ability can be analysed to account for this effect. At Ex-
ceptional Points, the Survival Probability increases con-
siderably, depending on the initial state adopted. It is
observed that in the regime of real spectrum, the state
evolves in time showing a periodical patron of collapses
and revivals. In this regime, the states are periodically
squeezed. While in the regime of complex-conjugate pair
spectrum the steady-state is not a squeezed state, and
anti-squeezing is observed. The initial state of the sys-
tem evolves to a steady-state with mean value of the
total spin of the NVs equals zero, 〈SNV 〉 = 0, indepen-
dent of the initial state chosen. This a sign of the pres-
ence of Schro¨dinger-cat states. That is, the steady-state
behaves as a Schrodiger-cat state, it can be written as
the superposition of two coherent spin states. At short
times, the spin dynamics is caused by the spin-spin inter-
action of the ensemble of NV−-colour-centres, namely the
OAT term of H. The HOAT of H is responsible for the
squeezing pattern observed. At longer times, the growth
of spin correlations causes both the depolarization ob-
served and the increase of the squeezing parameter. We
have extended the previous analysis to systems with a
larger number of NV−-colour-centres in diamond. We
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FIG. 17. Points in the plane (αN , γ), αN = α/
√
N , at which
steady Schro¨dinger-cat states occur, are displayed in dashed-
line. The solid-line corrresponds to the contour plot of Ex-
ceptional Points. We have considered the case d− = 0, with
D = 2.88 [GHz] and E = 0.026 [GHz]. In panel (a) and (b)
we plot results for g = 0.02 [GeV] (γN = 1/(13
√
N)) and
g = 0.052 [GeV] (γN = 2/
√
N), respectively.
have rescaled the adimensional constant γ as γ/
√
N , and
we have found a regular pattern of Exceptional Points
and a regular pattern of steady Schro¨dinger-cat states in
the plane (αN ,N).
Work is in progress concerning the analysis of hybrid
systems with more than one superconducting flux qubit,
interacting with an ensemble of NV−-colour-centres in
diamond [44].
ACKNOWLEDGMENTS
This work was partially supported by the National Re-
search Council of Argentine (PIP 282, CONICET) and
by the Agencia Nacional de Promocion Cientifica (PICT
001103, ANPCYT) of Argentina.
[1] C R Monroe, R J Schoelkopf, and M D Lukin, Scientific American 314 (2016)50.
13
[2] Bei Zeng, Xie Chen, Duan-Lu Zhou, and Xiao-Gang
Wen. Quantum Information Meets Quantum Matter:
From Quantum Entanglement to Topological Phases of
Many-Body Systems, 2019 Springer Nature Switzerland
AG. Part of Springer Nature, DOI:10.1007/978-1-4939-
9084-9
[3] C Figgatt, A Ostrander, N M Linke, et al.. Nature 572
(219) 368, DOI:10.1038/s41586-019-1427-5.
[4] K Brown, J Kim, and C Monroe, npj Quantum Inf 2
(2016) 16034, DOI:10.1038/npjqi.2016.34.
[5] G Wendin, Rep. Prog. Phys. 80 (2017) 106001,
DOI:10.1088/1361-6633/aa7e1a.
[6] F Arute, K Arya, R Babbush, et al., Nature 574 (2019)
505, DOI:10.1038/s41586-019-1666-5.
[7] C Kloeffel, and D Loss, Annual Review of Condensed
Matter Physics 4 (2013)51, DOI:10.1146/annurev-
conmatphys-030212-184248.
[8] C Bradac, W Gao, J Forneris et al., Nat Commun 10
(2019) 5625, DOI:10.1038/s41467-019-13332-w.
[9] M. Schlosshauer, Phys. Reports 831 (2019)1.
DOI:10.1016/j.physrep.2019.10.001
[10] H. Feshbach, Ann. of Phys. 5, 357 (1958)
DOI:10.1016/0003-4916(58)90007-1.
[11] I Rotter, J. Phys. A: Math. Theor. 42 (2009)
153001 DOI:10.1088/1751-8113/42/15/153001; I Rotter
and J P Bird, Rep. Prog. Phys. 78 (2015) 114001
DOI:10.1088/0034-4885/78/11/114001.
[12] D K Ferry, A M Burke, R Akis, et al.,J. Phys.: Condens.
Matter 24 (2011) 343202; D K Ferry, A M Burke, R Akis,
et al., Semicond. Sci. Technol. 26 (2011) 043001.
[13] R Akis, J P Bird, and D. K. Ferry, Appl. Phys. Lett.
81 (2002) 129 DOI:10.1063/1.1490404 ; J P Bird, R
Akis, D K Ferry, et al.,Phys. Rev. Lett. 82 (1999)4691
DOI:10.1103/PhysRevLett.82.4691; D K Ferry, R Akis,
and J P Bird, Phys. Rev. Lett. 93(2004) 026803
DOI:10.1103/PhysRevLett.93.026803.
[14] S. Longhi, Phys. Rev. A 93, 022102(2016)
DOI:10.1103/PhysRevA.93.022102.
[15] G A A´lvarez, E P Danieli, P R Levstein, and H
M Pastawski, J. Chem. Phys. 124 (2006) 194507
DOI:10.1016/j.ssc.2006.11.001
[16] H M Pastawski, Physica B 398 (2007) 278
DOI:10.1016/j.physb.2007.05.024.
[17] E Persson, I Rotter, H J Sto¨ckmann, M Barth, Phys.Rev.
Lett. 85 (2000) 2478 DOI:10.1103/PhysRevLett.85.2478.
[18] Lei Xiao, Kunkun Wang, Xiang Zhan, et
al., Phys. Rev. Lett. 123 (2019) 230401,
DOI:10.1103/PhysRevLett.123.230401.
[19] I Rotter and A F Sadreev, Phys. Rev. E 71 (2005) 046204
DOI:10.1103/PhysRevE.71.046204.
[20] J von Neumann J and E Wigner, Physik Z 30 (1929) 465;
J von Neumann and E Wigner,Physik Z 30 (1929) 467.
[21] F H M Faisal and J V Moloney, J. Phys. B: At. Mol.
Phys.14(1981) 3603 DOI:10.1088/0022-3700/14/19/012.
[22] S Mostame, J Huh, C Kreisbeck et al., Quantum Inf Pro-
cess 44(2017) 16 DOI: 10.1007/s11128-016-1489-3.
[23] F Galve, A Mandarino, M Paris, et al., Sci Rep 7 (2017)
42050, DOI:10.1038/srep42050.
[24] M Gadella, Found Phys 45 (2015) 177
DOI:10.1007/s10701-014-9860-7.
[25] M Losada, S Fortin, M Gadella and F Holik, Interna-
tional Journal of Modern Physics A 33(2018)1850109,
DOI: 10.1142S0217751X18501099.
[26] S Garmon, K Noba, G Ordonez, and D Segal, Phys. Rev.
A 99 (2019) 010102, DOI:10.1103/PhysRevA.99.010102.
[27] S. Garmon and G. Ordonez, J. of Math. Phys. 58(2017)
062101, DOI:10.1063/1.5002689.
[28] C M Bender, and S Boettcher, Phys. Rev. Lett. 80 (1998)
5243 DOI:10.1103/PhysRevLett.80.5243.
[29] C. M. Bender, Rep. Prog. Phys. 70(2007) 947, DOI:
10.1088/0034-4885/70/6/R03.
[30] S Bittner, B Dietz, U Gunther, et al.,
Physical Review Letters 108(2012) 024101
DOI:10.1103/PhysRevLett.108.024101.
[31] K F Zhao, M Schaden, and Z Wu, Phys. Rev. A 81 (2010)
042903 DOI:10.1103/PhysRevA.81.042903.
[32] J Schindler, A Li, M C Zheng, et al., Physical Review A
84, 040101(R) (2011) DOI:10.1103/PhysRevA.84.040101
.
[33] Y N Joglekar, C Thompson, D D Scott, and G Ve-
muri, Eur. Phys. J. Appl. Phys. 63 (2013) 30001
DOI:10.1051/epjap/2013130240 .
[34] Y Ashida, S Furukawa, and M Ueda, Nature communi-
cations 8 (2017) 15791 DOI:10.1038/ncomms15791 .
[35] J M Guilarte, M S Plyushchay,J. High Energ. Phys. 2017
(2017)61, DOI:10.1007/JHEP12(2017)061; F Correa, Vit
Jakubsky and M S Plyushchay, Phys.Rev. A 92 (2015)
023839, DOI:10.1103/PhysRevA.92.023839.
[36] F Correa and S Plyushchay, Phys.Rev. D 86 (2016)
085028, DOI:10.1103/PhysRevD.86.085028.
[37] M Naghiloo, M Abbasi, Y N Joglekar, et al., Nat. Phys.
15 (2019) 1232, DOI:10.1038/s41567-019-0652-z.
[38] A Pick, S Silberstein, N Moiseyev, and N Bar-
Gill, Phys. Rev. Research 1 (2019) 013015,
DOI:10.1103/PhysRevResearch.1.013015.
[39] Ze-Liang Xiang, Sahel Ashhab, J. Q. You and F. Nori,
Rev. Modern Phys. 85 (2013) 623.
[40] X Zhu et al., Nature 478(2011) 221 DOI: 10.1038/na-
ture10462..
[41] Xin-You Lu¨, Ze-Liang Xiang, Cui W, You J, and Nori
F, Phys. Rev. A 88(2013) 012329 DOI: 10.1103/Phys-
RevA.88.012329.
[42] D Marcos, M Wubs, J Taylor, R Aguado, M
Lukin, A Sørensen, Phys. Rev. Lett. 105(2010) 210501
DOI:10.1103/PhysRevLett.105.210501.
[43] S Saito, X Zhu, R Amsu¨ss R, et al., Phys. Rev. Lett. 111
(2013) 107008 DOI:10.1103/PhysRevLett.111.107008.
[44] M Reboiro, O Civitarese, and R Ramirez, Ann. of Phys.
378 (2017) 418 DOI:10.1088/1402-4896/aa8079.
[45] M Reboiro, O Civitarese, R Ramirez and D Tielas,
Phys. Scripta 92 (2017) 094004, DOI:10.1088/1402-
4896/aa8079.
[46] M. Reboiro, O Civitarese and D Tielas, Phys. Scripta 90
(2015)074028, DOI: 10.1088/0031-8949/90/7/074028.
[47] J G Bohnet, B C Sawyer, J W Britton, et al. Science 364
(2019) 1297, DOI: 10.1126/science.aad9958.
[48] S C Burd, R Srinivas, J J Bollinger, et al.,Science 364
(2019) 1163, DOI: 10.1126/science.aaw2884.
[49] J Huang, X Qin, H Zhong, et al., Sci Rep 5 (2016) 17894,
DOI:10.1038/srep17894
[50] R A Brewster, T B Pittman, and J D Franson, Phys. Rev.
A 98 (2018) 033818, DOI: 10.1103/PhysRevA.98.033818.
[51] B Hacker, S Welte, S Daiss, et al., Nature Photon 13
(2019) 110, DOI:10.1038/s41566-018-0339-5.
[52] M Dohertya, N Manson, P Delaney, et al., Phys. Report
528(2012)1, DOI: 10.1016/j.physrep.2013.02.001.
[53] M Doherty, F Dolde, H Fedder, et al., Phys. Rev. B 85
14
(2012)205203 DOI:10.1103/PhysRevB.85.205203.
[54] N Yao, L Jiang, A Gorshkov, et al., Nature Communica-
tions 3 (2012) 800 DOI:/10.1038/ncomms1788 .
[55] F Fa´varo de Oliveira, D Antonov, Y Wang ,
et al., Nature Communications 8 (2017) 15409
DOI:10.1038/ncomms15409 .
[56] H Ali, A Basit, F Badshah, Guo-Qin Ge (2018), Physica
E 104(2018), 261 DOI:10.1016/j.physe.2018.07.040.
[57] A Albrecht et al., New Journal of Physics 16 (2014)
093002 DOI:10.1088/1367-2630/16/9/093002.
[58] T Hu¨mmer, G M Reuther, P Ha¨nggi and D Zueco,
Phys. Rev. A 85 (2012) 052320 DOI: 10.1103/Phys-
RevA.85.052320 .
[59] T P Orlando, J E Mooij, Lin Tian, et al., Phys. Rev. B
60 (1999) 15398 DOI:10.1103/PhysRevB.60.15398.
[60] B L T Plourde, J Zhang, K B Whaley, et al., Phys. Rev.
B 70, (2004) 140501 DOI:10.1103/PhysRevB.70.140501.
[61] A Ballesteros, O Civitarese, F J Herranz, and
M Reboiro, Phys. Rev. B 68 (2003) 214519
DOI:/10.1103/PhysRevB.68.214519.
[62] K. T. Hecht, Lecture Notes in Physics 290 (Edited by H.
Araki et al. Springer-Verlag, Berlin, 1980).
[63] M Kitagawa and M Ueda, Phys. Rev. A 47 (1993) 5138
DOI:10.1103/PhysRevA.47.5138.
[64] P Ring and P SchuckThe Nuclear Many Body Prob-
lem(Springer Verlag Berlin Heidelberg, 1980).
[65] H J Lipkin, N Meshkov, and A J Glick, Nuclear Physics
62, (1965) 188 DOI: 10.1016/0029-5582(65)90862-X .
[66] O Civitarese, M Reboiro, L Rebo´n and
D Tielas, Phys. Lett. A 374 (2010) 424
DOI:10.1016/j.physleta.2009.11.013; O Civitarese,
M Reboiro, L Rebo´n and D Tielas, Phys. Lett. A
374, (2010) 2117; ibid Phys. Lett. A 373, (2009) 754
DOI:10.1016/j.physleta.2008.12.040.
[67] N Mizuochi, P Neumann, F Rempp, et al., Phys. Rev. B
80(2009) 041201(R) DOI:10.1103/PhysRevB.80.041201
[68] P Stanwix, L Pham, J Maze, et al., Phys. Rev. B
82(2010) 201201(R) DOI:10.1103/PhysRevB.82.201201.
[69] M Gulka, et al., Phys. Rev. Applied 7 (2017) 044032
DOI:10.1103/PhysRevApplied.7.044032 .
[70] J A van Wyk, E C Reynhardt, G L High and I
Kiflawi I, J. Phys. D: Appl. Phys. 30 (1997) 1790
DOI:10.1088/0022-3727/30/12/016.
[71] V Stepanov and S Takahashi, Phys. Rev. B 94 (2016)
024421 DOI:10.1103/PhysRevB.94.024421.
[72] W R Clements et al., J. Phys. B: At. Mol. Opt. Phys. 51
(2018) 245503, DOI: 10.1088/1361-6455/aaf031.
[73] Yang Wu, Wenquan Liu, Jianpei Geng1, et al., Science
364 (2019) 878, DOI: 10.1126/science.aaw8205.
[74] A. Bohr and B. Mottelson, Nuclear Structure vol. I,
World Scientific Co. Pte. Ltd. (1998), pag. 16
[75] K V Kepesidis, T J Milburn, J Huber, et al., New J. Phys.
18 (2016) 095003, DOI: 10.1088/1367-2630/18/9/095003.
[76] R Ramı´rez, M Reboiro, Journal of Mathematical Physics
60 (2019) 012106, DOI: 10.1063/1.5075628.
[77] R Ramı´rez, and M Reboiro, Physica Scripta 94
(2019)085220, DOI: 10.1088/1402-4896/ab0fc0
[78] A L Fetter and J D Walecka, Quantum Theory of
Many-Particle Systems, McGraw-Hill Book Company,
San Francisco 1971.
[79] J. Ma, X. Wang, C. P. Sun and F. Nori, Phys. Report
509, (2011) 89 DOI:10.1016/j.physrep.2011.08.003.
[80] G M Bosyk, T M Osa´n, P W Lamberti, and
M Portesi, Phys. Rev. A 89 (2014) 034101,
DOI:10.1103/PhysRevA.89.034101.
[81] A. Luis and N. Korolkova, Phys. Rev. A 74, (2006)
043817 DOI:10.1103/PhysRevA.74.043817.
[82] Stratonovich R L 1956 Sov. Phys. JETP 31 1012.
[83] Luis A Perˇina J 1998 J. Phys. A: Math. Gen. 31 1423
DOI:10.1088/0305-4470/31/5/012.
[84] Chumakov S M Klimov A B Wolf K B 2000 Phys. Rev.
A 61 034101 DOI:10.1103/PhysRevA.61.034101; Klimov
A B Chumakov S M (2002) Rev. Mex. de F´ısica48 317
DOI: 10.1142/9789812777850-0052 .
[85] A Klein and E R Marshalek, Rev. Mod. Phys.63
(1991)375 DOI:10.1103/RevModPhys.63.375.
[86] Z. Kurucz, J. H. Wesenberg, and K. Mølmer, Phys. Rev.
A 83 (2011) 053852 DOI:10.1103/PhysRevA.83.053852.
